Abstract. In this paper studies the maximal covering location problem, assuming imprecise knowledge of all data involved. The considered problem is modeled from a fuzzy perspective producing suitable fuzzy Pareto solutions. Some properties of the fuzzy model are studied, which validate the equivalent mixed-binary linear multiobjective formulation proposed. A solution algorithm is developed, based on the augmented weighted Tchebycheff method, which produces solutions of guaranteed Pareto optimality. The effectiveness of the algorithm has been tested with a series of computational experiments, whose numerical results are presented and analyzed.
Introduction
Covering location models have been extensively studied in the literature. Broadly speaking, in these problems there is a set of users with service demand, which can be satisfied by activating (opening) facilities sufficiently close to the demand points. In particular, a given demand user will be served (covered), and its demand captured if it is located within the coverage radius of some activated facility; that is, if its distance to some open facility does not exceed a given radius. In particular, if a set of facilities S is opened, the demand of user i, w i , will be captured if an only if d ij < R j for some j ∈ S, where d ij denotes denotes the distance from user i to facility j and R j is a given coverage radius, which may be different for each potential facility. The two seminal models in this area are the minimum-cover location problem and the maximal covering location problem. In the minimum-cover location problem, introduced by Toregas and ReVelle [34] , the objective is to find a set of facilities that covers all the demand points at minimum cardinality. Church and ReVelle [8] proposed the maximal covering location problem (MCLP), in which there is a set-up cost for each activated facility and a budget that limits the overall set-up cost that can be incurred. Such a budget constraint reduces to a cardinality constraint if all the set-up costs are equal. The objective is to find a set of facilities that maximizes the total covered demand. Applications of covering location models arise in multiple fields and include the location of health care or emergency services, where successful service strongly depends on the distance from facilities to demand points, the location of signal-transmission facilities (TV, radio, cell-phone antennas, etc.), where coverage is only achieved within a certain distance from the facility, or the location of retail facilities, where the attractiveness of a facility for a potential customer clearly depends on its distance from the customer location. The diversity of applications and the theoretical interest of the underlying optimization models have stimulated active research on the area in the last decades. The interested reader is addressed to [4] and references therein for an inspiring overview on the topic. Coverage and coverage radius are two concepts inherent to covering location, which are typically subjected to several modeling assumptions. One of the main assumptions is that a demand user is either fully covered or not covered at all. Another classical assumption is that the coverage radius that determines whether or not a demand user is covered is known. However, as discussed in [4] , in many applications these assumptions may be unrealistic. Examples that illustrate this weakness are, for instance, the location of health care or emergency services, or the location of signal transmission facilities. This has motivated the study of extensions of classical models, more flexible with respect to the meaning and role of coverage and coverage radius. For instance, gradual covering models mitigate the above concern by extending the all-or-nothing coverage assumption to the gradual coverage assumption, which is modeled by associating the coverage level of demand points with their distance to open facilities [4, 5, 9] . Specifically, the captured demand of a given user is computed as wf (d), where w denotes the demand of the user, d its distance to the closest open facility, and f (d) ∈ [0, 1] is a non-increasing coverage function such that f (d) = 1 for d ≤ δ − , f (d) = 0 for d > δ + , where 0 < δ − ≤ δ + are two given parameters. That is, all its demand will be served if the user is at distance at most δ − from some open facility, and none of its demand will be served if its distance to all open facilities is greater than δ + . Otherwise a fraction of w will be served, which decreases as the distance d increases. Note that the MCLP is a particular case of a gradual coverage model where δ − = δ + for all the users.
A concrete aspect that contributes to make further questionable the applicability of the modeling assumptions discussed above, is that covering location models often suffer from uncertain knowledge or lack of precision on the data that define specific instances. Note that, in addition to the coverage concept and the coverage radius already mentioned, information related to users' demand, set-up costs or budgets may also be imprecise. Stochastic approaches can be suitable when uncertainty can be modeled by means of a probability distribution or a set of scenarios (see, e.g., [10] ), although it is not appropriate when the lack of precision stems from different sources, or when the decision-maker only has an idea concerning the range for the parameters' values and a kind of belief that some values are more likely to occur than some others. In such cases, a fuzzy perspective seems particularly suitable for modeling the MCLP. This is the approach that we follow in this paper where we propose a fuzzy mixed-binary linear programming model to deal with the MCLP as well as a solution framework for it.
Since the seminal works in the area [36, 37] fuzzy mathematical programming has been applied to address different types of optimization problems with possibilistic uncertain data, as an alternative to crisp models where precise knowledge of data is assumed. Modeling alternatives for dealing with fuzzy entities in mathematical programming models were already discussed in [22] . Approaches for handling models with integer or binary variables have also been studied (see, e.g. [20, 21] ), including specific frameworks for some fuzzy programmes [2] , as well as complexity results [7] . In fact, the MCLP has already been studied from a fuzzy perspective. In [18] the authors assume flexibility as for the coverage, which is modeled by means of fuzzy constraints, although it is assumed that the remaining input data are precisely known. The authors then apply a parametric approach to transform the fuzzy model into a series of parametric crisp models, which are solved using an iterated local search heuristic. In [12] the authors propose a Particle Swarm Optimization scheme to solve the MCLP when fuzzy distances and radii are considered in the problem. A different fuzzy framework for the MCLP is provided in [11] , in which a measure of the covered demand is maximized when the distances between the users and potential facilities are treated as fuzzy events.
In this paper we study a general model for the MCLP, assuming that imprecise knowledge is not restricted to some of the parameters and constraints, but affects to all data, namely users' demand, distances, and coverage radius, as well as to all the data referring to the budget limitations. This means that all the involved entities will be fuzzy, including parameters, constraints and the objective function. For dealing with this general MCLP we propose a novel fuzzy programme in which the decision variables that represent the coverage of users are also modeled as fuzzy numbers. Nevertheless, we will see that it is enough to consider the crisp counterpart of such variables. Following the methodology used with other problems dealing with fuzzy objectives [2, 7, 20] , for solving our model we operate on an equivalent mixed-binary linear multiobjective formulation. In search of compromise solutions for that problem, i.e., Pareto solutions whose objective values are as close as possible to the ideal point, we propose a solution algorithm based on the augmented weighted Tchebycheff method, which produces solutions of guaranteed Pareto optimality (see, e.g. [29] ). For the sake of simplicity, our developments consider triangular fuzzy numbers, although our results can be extended to any fuzzy number with a finite ranking system. Finally, we have carried out extensive computational experiments in order to study the effectiveness of the proposed solution algorithm in terms of both its computational efficiency and the quality of the solutions that it produces. The obtained results are presented and analyzed.
Summarizing, the main contributions of this paper are the following:
• We consider a general version of the MCLP, in the sense that we assume imprecise knowledge affects to all data: distances, coverage radius, users' demand, data referring to the budget limitations. We model the considered problem as a fuzzy mixed-binary linear programme, where all the involved entities are fuzzy.
• We transform the considered programme into an equivalent mixed-binary linear multiobjective formulation, and we propose an augmented weighted Tchebycheff method for obtaining Pareto solutions for it.
• We consider a general budget constraint, where we assume that potential facilities at different locations may have different set-up costs, and there is a budget that limits the overall set-up cost of all the facilities that are opened. To the best of our knowledge, in the literature the budget constraint in the MCLP is modeled as a cardinality constraint on the maximum number of facilities that can be opened. That is, it is assumed that all potential facilities have the same set-up cost.
• We carry out extensive computational experiments on benchmarking instances to evaluate the effectiveness of the proposed method and to analyze the quality of the obtained solutions. The obtained results indicate that the empirical difficulty for obtaining individual solutions of the fuzzy MCLP coincides with the difficulty of solving the classical MCLP.
The remaining of this paper is structured as follows. With the aim of making the paper selfcontained, Section 2 recalls some preliminaries of fuzzy sets and fuzzy mixed-binary linear programming that will be used in the paper. Section 2 also recalls the definition of the MCLP. Section 3 formally defines the fuzzy extension of the MCLP that we study. Section 4 develops the proposed solution algorithm based on the augmented weighted Tchebycheff method, whereas Section 5 describes the computational experience and presents and analyzes the obtained results. The paper ends in Section 6 with some conclusions and comments about promising avenues for future research.
Preliminaries
In this section we recall the main notions and results on fuzzy sets and fuzzy integer programming that will be useful for the rest of the paper.
Fuzzy Numbers and Nonnegative Triangular Fuzzy Numbers.
A fuzzy set on R n is a mappingμ : R n → [0, 1], called membership function. Membership functions allow to quantify the degree of truth of the statement "the element x ∈ R n belongs to a set S ⊆ R n ". If x clearly belongs to the desired set, one will haveμ(x) = 1, whereas if it clearly does not belong to the set, one will havẽ µ(x) = 0. In case the membership of x to S is not sufficiently clear, the partial membership of x to S is modeled by values 0 <μ(x) < 1, such that the closest they are to one, the clearer it becomes that x belongs to S. Fuzzy sets are useful to model uncertainty when it is derived from imprecision. For instance, it is usual to assume that the demand of a user for a certain service is precisely known, but in practice one may have an imprecise interval of possible demand values, where some such values are more likely to occur than others. Standard sets, also known as crisp sets, are examples of fuzzy sets, since indicator functions are just a particular case of membership functions.
Any fuzzy setμ can be characterized by means of the so-called α-cuts, which are defined as follows:
where supp(μ) = {x ∈ R n :μ(x) > 0}, and cl(A) is the closure of the set A. A fuzzy set is convex if all its α-cuts are convex sets. A special and very useful type of fuzzy sets are fuzzy numbers. A fuzzy set on R,μ : 
Thusμ is a nonegative fuzzy number if and only if µ 0 ≥ 0. Any crisp number p ∈ R can be identified with the fuzzy number whose α-cuts are given by {p}.
Next we describe how to perform simple arithmetic operations with fuzzy numbers. Givenμ,ν ∈ F the membership function of the sum, product by a scalar λ ∈ R, and multiplication of two fuzzy numbers can be defined as:
In terms of α-cuts the above operations translate into operations with closed intervals (see, e.g., [14, Theorem 2.6]). Specifically, for anyμ,ν ∈ F, λ ∈ R and α ∈ [0, 1]:
In this paper, in addition to performing basic operations, we will compare fuzzy numbers between them using a (partial) ordering. Several definitions based on interval binary relations (see [16] ) can be used to this end. For instance, the well-known LU -fuzzy partial order (see [32, 35] ) is defined as follows. Givenμ,ν ∈ F,μ is smaller than or equal toν (μ ν) if and only if:
The relationshipμ greater than or equal toν (μ ν) can be introduced in a similar manner. By means of the previous order relationship, we can state thatμ ∈ F + if and only ifμ 0, where, as indicated above, the crisp number 0 is identified with the fuzzy number whose α-cuts are given by {0}.
Many families of fuzzy numbers have been used to model imprecision in different situations, e.g., L-R, triangular, trapezoidal, polygonal, Gaussian, quasi-quadric, exponential, and singleton fuzzy numbers. The reader is referred to [3, 19, 33] for a description of some of these families and their properties. Even if, in general, fuzzy numbers are characterized by infinitely many α-cuts, some of the most popular families of fuzzy numbers can be fully described by means of a finite set of α-cuts. In such a case, the fuzzy number is said to have a finite ranking system (FRS). This is the case of triangular, trapezoidal or polygonal fuzzy numbers. Furthermore, other more sophisticated fuzzy numbers can be accurately approximated by fuzzy numbers with a FRS [15] .
In this paper we will use nonnegative fuzzy numbers with a FRS. Moreover, for the sake of simplicity, we will consider nonnegative triangular fuzzy numbers (TFNs), although all the results that we obtain are extendable to any fuzzy number with a FRS. TFNs have been widely used because of their easy interpretation (see, for instance, [13, 23, 24, 27, 33] ), and also because they can be an initial step for more sophisticated modelling approaches [31] . Next we give the definition of a TFN, as well as the particularization to TFNs of the simple operations described above.
A fuzzy numberμ ∈ F is a TFN if there exist µ − , µ, µ + ∈ R such that the membership function of µ is given byμ
otherwise.
Note that any TFN,μ, is completely identified with the tripletμ = (µ − , µ, µ + ) and that the α-cuts of a given TFN,μ = (µ − , µ, µ + ) can be easily derived as:
The sets of TFNs and nonnegative TFNs are respectively denoted by T and T + . Observe also that Figure 1 shows the shape of a (nonnegative) TFN (left picture) and one of its α-cuts (right picture). Figure 1 . Shape of the triangular fuzzy numberμ = (µ − ,μ, µ + ) and one of its α-cuts. (1) and (2) above reduce to:
On the contrary, it is well-known that the general multiplication operator (3) is not suitable for fuzzy numbers with a FRS, and, in particular, for TFNs. Different multiplication rules have been proposed for TFNs (see [1, 23, 24, 26] ). In the case of nonnegative TFNs all of them coincide in the following simple expression, which we will use through this paper:
Finally, the ordering (4) can also be simplified for TFNs [2] , as indicated below:
2.2. Fuzzy Mixed-Binary Programming. Fuzzy Integer Linear Programming (FILP) is widely used to address optimization problems involving linear expressions in which some of the variables are restricted to take discrete values, when there is imprecision on the information that determines the problem, and fuzzy numbers become a suitable methodology for modeling them. Depending on the characteristics of the problem and involved data, several alternatives can be used for incorporating fuzzy information within a mathematical programming model, as already discussed in [22] . Explicit considerations for FILP have been discussed in [20] and the complexity of these models studied in [7] . As a generalization of FILP, fuzzy mixed-integer linear programming (FMILP) incorporates fuzzy continuous decision variables to the formulations of the problems. FMILP results in fuzzy mixedbinary linear programming (FMBLP) when all the integer variables are restricted to take binary values. Next we briefly summarize the main concepts and results for FMBLP, which we will apply in our study of the Fuzzy Maximal Covering Location Problem. We present the more general version of a FMBLP model where we assume that imprecise information affects to all the entities of the problem so there are fuzzy constraints, fuzzy numbers defining the constraints, fuzzy numbers in the objective function, as well as fuzzy continuous variables. In particular a FMBLP is given by:
where J = {1, 2, ..., n}, and K = {1, 2, ..., h} are given index sets,c = (c j ) j∈J andw = (w k ) k∈K row vectors of fuzzy numbers with a FRS,Ã m×n = (ã ij ) i∈I,j∈J andD m×h = (d ik ) i∈I,k∈K matrices of fuzzy numbers with a FRS,b = (b i ) i∈I a column vector of fuzzy numbers with a FRS, and I = {1, ..., m}.
Observe thatÃy +Dz b denotes a set of m fuzzy constraints.
Recall that the operations between fuzzy numbers are derived using the rules described in Section 2.1 and that the "max" operator refers to maximal solutions with respect to the partial order induced when comparing two feasible fuzzy numbers. Hence, the fuzzy objectivecy +wz, determines a fuzzy number with a FRS associated with each feasible solution, and such numbers can be ranked resorting to the solution of equivalent multiobjective optimization problems. Taking into account (5), for the case that all parameters are TFNs, FMBLP is equivalent to a three-objective mixed-binary linear problem (see [2] for details).
Therefore, usual multiobjective techniques for mixed-binary linear programming, focusing on finding Pareto solutions, can be applied for solving FMBLP. Let us recall the concept of fuzzy Pareto solution of FMBLP. 
2.3.
The Maximal Covering Location Problem. Next we formally define the maximal covering location problem [4, 8] , which is the crisp optimization problem that we study from a fuzzy perspective in the following sections. Let I and J respectively denote the index sets for the demand points and the potential locations for facilities. For each pair (i, j) ∈ I × J, d ij ≥ 0 denotes the distance between demand point i and potential facility j. Associated with each demand point i ∈ I there is a service demand w i ≥ 0. Associated with each potential location j ∈ J there is a set-up cost f j for activating a facility at location j. There is a budget B for the total set-up cost of all the activated facilities. Each facility j ∈ J, if activated, has a coverage radius R j . This means that if a facility is opened at location j ∈ J the demand of all points whose distance to j does not exceed R j will be served. The MCLP is to find a set of facilities whose overall set-up cost does not exceed B, that maximizes the overall served demand.
The reader may observe that, in fact, the problem that we have defined above is more general than the one that is usually labeled as MCLP (see, e.g., [4] ):
• We use a general budget constraint, which allows for facilities with different set-up costs.
Classical models for the MCLP use a cardinality constraint limiting the number of constraints that can be activated. Our general budget constraint clearly reduces to a cardinality constraint when the set-up cost of all the facilities are the same.
• In its turn, allowing for facilities with different set-up costs further increases the flexibility of the model that we consider as it permits having several candidate facilities placed at the same site, each of them with a different coverage radius and set-up cost.
Our mathematical programming formulation for the MCLP uses the same decision variables as for classical models. Specifically, we use the following sets of decision variables:
Furthermore, we use we use the notation J i to represent the set of potential locations that cover the demand point i ∈ I, i.e., J i = {j ∈ J : d ij ≤ R j }. The MCLP formulation is:
Constraint (7b) ensures that the overall set-up cost of the facilities that are opened does not exceed the budget B, whereas the set of constraints (7c) imposes that each served demand point is in the coverage radius of some open facility. The objective (7a) maximizes the overall sum of the demands of the served points. The domain of the variables is defined in (7d)-(7e). Note that variables z i can been relaxed to their continuous counterpart, since the maximization objective function already guarantees their integrality for optimal solutions provided that the location y variables are binary. Formulation (7a)-(7e) is thus a mixed-binary linear programme.
The Fuzzy Maximal Covering Location Problem.
In this section we introduce the fuzzy maximal covering location problem that we study, present a FMBLP formulation for it, and study some of its properties.
In the problem that we address, uncertainty affects all parameters, constraints and continuous variables. We assume that all parameters in MCPL are fuzzy numbers with a FRS. In particular, for each potential facility j ∈ J,f j denotes its fuzzy set-up cost andR j its fuzzy coverage radius;w i 0 is the fuzzy demand at node i;d ij 0 the fuzzy distance between demand point i ∈ I and potential facility j ∈ J; and,B, the fuzzy budget for the total set-up cost of the activated facilities. Moreover, now the index set of potential facilities covering the demand point i ∈ I is defined asJ i = {j ∈ J :d ij R j }.
The fuzzy maximal covering location problem FMCLP is to find sets of facilities that do not violate the fuzzy budget constraint, together with a fuzzy number for the coverage of each demand point, that maximizes the overall fuzzy demand. The FMCLP has some well-known particular cases.
• The FMCLP extends the MCLP recently studied by Guzmán et al. [18] , in which which uncertain values are considered for distances and the coverage radius, but all other parameters, as well as the allocation decision variables z are crisp.
• The FMCLP also extends the gradual covering location problem (GCLP) [9, 5, 6, 4] , also known as the general gradual cover decay location problem, which aims at finding a set of p facilities that maximize the total captured demand. We recall that in the GCLP, the captured demand is computed as follows. Two given coverage thresholds, δ − i and δ
, are associated with each demand point i ∈ I. Then, the amount of demand of user i ∈ I that is captured when all the facilities of S ⊆ J are opened is modeled as w i f i (∆ i (S)), where 
where the fuzzy vector objective function i∈Iw izi is a fuzzy sum of fuzzy multiplications ofw i 's and z i 's. Similarly to the MCLP, we represent the variable domain by (y,z) ∈ {0, 1} |J| × F |I| . Note that, as mentioned in the previous section, binary vectors y ∈ {0, 1} |J| can be considered in fuzzy partial orders and fuzzy arithmetic in the FMCLP.
Below we derive a property of formulation (8a)-(8e), which is essential to obtain an equivalent formulation for the FMCLP where the fuzzy decision variablesz can be replaced by their crisp counterpart.
We have thatZ ′ k reduces to the crisp number Z k,0 . It is not difficult to see thatZ ′ k verifies (8c), and then (Y,Z ′ ) is feasible for FMCLP. Now, let us check thatwZ wZ ′ . To this end, we apply (4) and compare their α-cuts. Thus, given α ∈ [0, 1], from (3), and taking into account that the variables are non-negative,
Therefore, since the previous expression is satisfied for any α ∈ [0, 1], we have that
and then,wZ
We iterate this process on any other index k ′ ∈ I such thatZ k ′ is not crisp. In the end, we get Z ∈ R |I| , with And the proof is complete.
Two consequences can be derived from Proposition 1. On the one hand, we can substitute the set of fuzzy variablesz by a set of crisp continuous decision variables, which again will be denoted by z. On the other hand, similarly to the formulation for the crisp MCLP counterpart, the crisp allocation variables z can be relaxed to take continuous values, since fuzzy Pareto solutions (Y, Z) will take binary values.
In the following, for ease of presentation, we assume that all the above fuzzy parameters belong to the set T of triangular fuzzy numbers, although our results easily extend to fuzzy numbers with a FRS. Therefore,
Similarly to [2] , we can formalize the relationship between fuzzy Pareto solutions of FMCLP and Pareto solutions of a multiobjective problem as stated in the following result. Theorem 1. (y,z) ∈ {0, 1} |J| × (T ) |I| is a fuzzy Pareto solution of FMCLP if and only if (y, z) ∈ {0, 1} |J| × R 3|I| is a Pareto solution of the following mixed integer multiobjective problem:
For the sake of simplicity, we denote by D = {(y, z) ∈ {0, 1} |J| ×[0, 1] |I| : j∈J f − j y j ≤ B − , j∈J f j y j ≤ B, j∈J f + j y j ≤ B + , z i ≤ j∈J i y j } the feasible domain to MMCLP defined by (9b)-(9h).
Remark 1.
As mentioned, the previous results apply analogously, not only for TFNs but also for fuzzy numbers with a FRS. The only difference is that, if the demand w admits a FRS with s α cuts, then, the multiobjective problem has s objective functions. The number of constraints also increases if the budget and costs have FRSs with more than 3 α-cuts. Example 1. We illustrate our methodology on the 30 points instance provided in [28] . We consider the same coordinates and demands as in the referenced source, but randomly generated the set-up costs from a uniform distribution U [a, b] with a = 100 and b = 1000. The budget was fixed to B = a+b 2 . The crisp formulation produced a solution with objective value 3470 in which the set of open facilities is {2,13,20}. The solution is drawn in Figure 2 (left). We also generated a fuzzy version of the instance by constructing triangular fuzzy numbers for each of the parameters of the model. In all cases the center point coincides with the crisp number, but the lower and upper extremes were randomly generated from an interval ±50% with respect to the central point, respectively. The evaluation of the crisp solution on the three-objective formulation is (2550.88, 3470, 4184.95) (observe that the crisp solution is not necessarily feasible for the multiobjective formulation because of constraints (9e)). Note that theJ-sets (users covered by each open facility) are different in the crisp and the fuzzy instances. In fact, the list of users covered by a facility is more restrictive under the fuzzy framework than in the crisp counterpart. This happens because the crisp sets are J i = {j ∈ J : d ij ≤ R j }, while the fuzzy sets are
Thus, although any feasible solution of the fuzzy problem is also feasible for the crisp problem, the opposite is not true in general. Figure 3 represents the overall demands covered in the two Pareto solutions, i.e., the TFNs indicating the served demands for both solutions. The gray dashed TFN is the evaluation of the crisp solution of the instance over the three objective functions of the fuzzy problem. Clearly, the two obtained solutions are incomparable with the induced fuzzy order. Observe that the crisp solution is not feasible for the fuzzy problem and the objective values of the crisp solution are greater (component-wise) than the fuzzy solutions. The reason is that, as explained before, the fuzzy problem is more restrictive than the crisp one. 
Fuzzy Pareto solutions via augmented weighted Tchebycheff method
In this section we present a solution method to generate solutions for FMCLP using the multiobjective formulation provided in the previous section. In particular, we look for fuzzy Pareto solutions close to the ideal point. Recall that the ideal point is obtained by solving separately a single-objective problem for each of the objective functions of (9a). Specifically, let (Y w − , Z w − ), (Y w , Z w ), (Y w + , Z w + ) ∈ D be the solutions to the single-objective problems that consider separately each of the objective functions, w − z, wz and w + z, respectively, and F I 1 , F I 2 , and F I 3 their objective values. F I = (F I 1 , F I 2 , F I 3 ) is usually called the ideal point in the criterion space. In general, the point F I is not attainable by any feasible solution (
Compromise solutions consist of selecting, among the whole set of fuzzy Pareto solutions, those whose objective values are as close as possible to the ideal point. Given a distance measure in the objective space, d : R 3 → R + , compromise solutions can be obtained by finding an efficient feasible solution (y, z) ∈ D, whose objective vector F (z) = (F 1 (z), F 2 (z), F 3 (z)) = (w − z, wz, w + z) is at minimum distance to F I ; i.e., d F (z), F I , is minimized. Thus, a compromise solution can be found by solving the following bilevel Compromise Solution Problem:
CSP 0 is a bilevel mixed-integer programming problem, whose solution is, in general, complex. The following result, whose proof is straightforward, states the equivalence of CSP 0 and a single-level mixed-integer programming problem.
Proposition 2. CSP 0 is equivalent to the following single-level mixed-integer problem:
Several types of distances can be considered for finding compromise solutions, such as those induced by l p -norms, with p ∈ N ∪ {∞}. In this work we use p ∈ {1, ∞} so CSP reduces to the following mixed-integer linear programming problems:
where the absolute values involved in the definition of the ℓ 1 and the ℓ ∞ -norms can be avoided since the components of ideal points are always greater than or equal to the objective function value at any feasible solution.
Prior information of preferences can also be useful in the search of compromise solutions. In particular, a priori information can be integrated within CSP via, for instance, a weighted minmax formulation also known as the weigthed Tchebycheff method. This method produces solutions that satisfy necessary conditions for Pareto optimality (see Miettinen [30] ), although not necessarily sufficient conditions (see Koski and Silvennoinen [25] ). This weakness is overcome in the augmented weighted Tchebycheff method. This method minimizes ad-hoc objective functions on the original feasible domain and, for discrete problems involving linear constraints (polyhedral problems) like the MMCLP that we address, produces solutions of guaranteed Pareto optimality. Specifically, Pareto solutions can be obtained by optimizing the following objective function (see [29] and references therein for details on this method):
where all weights are strictly positive, with ρ sufficiently small positive scalar assigned by the decisionmaker.
Taking into account the previous considerations, the following modified model is proposed for solving the MMCLP:
Pareto solutions for the MMCLP can thus be obtained by solving ModMMCLP for given strictly positive weights (λ, ρ). Suitable simplifications allow to transform ModMMCLP to: Proof. The proof is straightforward from [29] .
Pareto Optimality Test
Let us remark that when some component or weight of (λ, ρ) is null, the solutions produced by ModMMCLP' are weakly Pareto, although they are not guaranteed to be Pareto solutions. In particular, note that compromise solutions for both the ℓ ∞ -norm and the ℓ 1 -norm can be obtained from the sets of optimal solutions to ModMMCLP' for suitable values of the parameters λ and ρ. In particular, the set of optimal solutions to ModMMCLP' with (λ, ρ) = (1, 1, 1, 0) coincides with the ℓ ∞ -compromise solution set. For (λ, ρ) = (0, 0, 0, 1) we obtain the ℓ 1 -compromise solution set, while for (λ, ρ) ∈ {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0)}, ModMMCLP' reduces to maximizing independently each objective.
In the above cases, it is possible to check whether or not the obtained solution is Pareto by means of several methods summarized in Miettinen [30] , and described in Marler and Arora [29] . In particular, we have the following simple test for a given weakly Pareto solution (Y, Z):
If there is an optimal solution to P (Y, Z) with all δ r 's at value zero, then (Y, Z) is a Pareto solution for MMCPL, and its corresponding fuzzy vector given by (Y,Z) is a fuzzy Pareto solution of FMCLP. Furthermore, if δ r > 0 for some r ∈ {1, 2, 3}, we can also generate a a fuzzy Pareto solution for FMCLP from an optimal solution to P (Y, Z) as follows. 
Since (Y * , Z * ) is feasible for P (Y, Z), it follows that
Combining the above proposition and Theorem 1 we obtain the following result. The above results can be exploited to derive a solution algorithm for generating fuzzy Pareto solutions for FMCLP. In particular, given a set of (λ, ρ)-weights, Λ ⊆ R 4 + , we propose the procedure described in the pseudocode of Algorithm 1.
In the pseudocode, P denotes our solution set, and F I the ideal point, which is first computed and becomes our reference point in the criterion space to construct feasible solutions as close as possible to it. For each combination of (λ, ρ)-weights in Λ, ModMMCLP is solved. In case all the (λ, ρ)-weights are strictly positive, we are done, and the solution is added to the set P. Data:f j ,R j ,w i ,d ij ∈ T + , for all i ∈ I, j ∈ J,B ∈ T + , Λ ∈ R 4 + . P = ∅. Compute the ideal point:
1). After executing the algorithm for the considered set of weights we obtain a set of fuzzy Pareto solutions for FMCLP with cardinality at most |Λ|. Note that in case the ideal point is attainable, it will be found in the first iteration of the for loop and we are done, since the set of solutions, P is just the singleton composed by such an ideal point.
Computational Experiments
In this section we describe our computational experience and summarize the obtained numerical results. We have performed a series of experiments on a set of maximal covering location benchmark instances widely used in the literature. In particular, we consider the datasets in [10] and [28] with 30, 324, 402, 500, 708 and 818 points (http://www.lac.inpe.br/%7Elorena/instancias.html). We run two different classes of experiments on these instances. First, using the original information, in which the set-up costs f were fixed to one, so the budget constraints reduce to cardinality constraints, and the budgets B ranging in {2, 3, 4, 5, 6, 7, 8, 9, 10, 15, 20} . Second, randomly generating f from an independent normal distribution with mean 100 and standard deviation 10. B is defined as the sum of the p smallest f i values, for values of p ranging in {2, 3, 4, 5, 6, 7, 8, 9, 10, 15, 20} . This last choice allows us to test the model over general budget constraints. The triangular fuzzy numbers for the parameters in the instances were generated such that the central point of each triangular fuzzy number coincides with the original (crisp) value in the reference instance and the lower and upper extremes were randomly generated. In particular, the fuzzy numbers, (a − , a, a + ), were obtained such that a − and and a + were drawn from uniform distributions in U [0.80a, a] and U [a, 1.20a], respectively. We generated five instances for each of the datasets. The parameters for each of the instances as well as the detailed results are available at http://bit.ly/FMCInstances.
For each instance in our testbed we have applied Algorithm 1 with nine different choices of (λ, ρ)- All the formulations were coded in Python, and solved using Gurobi 8.0 [17] in a Mac OSX Mojave with an Intel Core i7 processor at 3.3 GHz and 16GB of RAM.
In Tables 1 and 2 we report the following information referring to each group of 45 instances with fixed n (5 randomly generated instances and 9 (λ, ρ)-weights):
• CPUTime: Average computing time of Algorithm 1, over the 45 instances in each group.
• CPUTime-Crisp: Average computing time for solving the crisp version of the problem (over the 45 instances in each group).
• Different Pareto: Average number of different Pareto solutions produced by Algorithm 1 (over the 45 instances in the group).
• CheckPareto: % of instances (out of the 45 in each group) in which the CheckPareto produces a solution different from the one previously obtained.
• ReachIdeal: % of instances (out of the 45 in each group) for which the ideal point was attained.
One can observe that the required times for solving each of the instances of the fuzzy models are slightly larger than those needed to solve the crisp model. We were able to solve all the instances in small computing CPU times. The most time consuming instance (with n = 818 and p = 7) was solved in 102 seconds. As expected, these times increase with the size of the instances. We found that in most of the instances the ideal point is attained. In particular, in 74% of the instances of cardinalityconstrained problem and 70% of the budget-constrained problem, the ideal point was found. These percentages are quite similar for the different sizes and range in [50%, 80%] for all values of n.
Also, the test to check Pareto optimality of solutions does not produce, except in a few cases, a new solution, corroborating the Pareto-optimality of the obtained solutions. Although, in principle, it could be possible to find up to nine different Pareto solutions per instance (one for each combination of weights), the average number of different solutions ranges in [2, 3] , often obtaining the same solutions associated with different sets of weights. We also observed that the solutions obtained when solving ModMMCPL are in most of the cases fuzzy Pareto solutions, being the outcome of the test for Pareto optimality, P (Y, Z), negative in the 99.5% of the solved problems. This fact confirms the good quality, relative to the fuzzy problem, of the solutions produced by ModMMCPL.
In Tables 3 and 4 we report the following information concerning the solutions produced by the fuzzy and the crisp models, for the same set of instances. We provide:
• %CoveredCrisp: Average percentage of covered demand with the crisp model.
• %CoveredFuzzy − /%CoveredFuzzy/%CoveredFuzzy + : Average lower bound/center/upper bound on the covered demand with the fuzzy model. Observe that the triplets (%CoveredFuzzy − , %CoveredFuzzy, %CoveredFuzzy + ) correspond to the triangular fuzzy numbers of the obtained solutions relative to the total demand.
The results of Tables 3 and 4 indicate that the covered demands and the number of open plants are quite similar in the cardinality constrained and budget constrained models. Nevertheless, the results of these tables also indicate that the fuzzy models are more restrictive than the crisp ones, both in terms of the covered demand and the number of open plants. As explained when discussing Example 1, this is due to the definition of the coverage setsJ as well as to the three cardinality/budget constraints. We must however recall that the fuzzy model is more general than the crisp one, as it deals with imprecise knowledge of all data involved.
Conclusions
In this paper we propose a new and general model for the maximal covering location with imprecise knowledge on all data, by means of fuzzy numbers and variables. The properties of the proposed model allow to formulate it with an equivalent mixed-binary linear multiobjective programme. For obtaining fuzzy Pareto solutions we propose a solution algorithm based on an augmented weighted Tchebycheff method. The effectiveness of the proposed solution algorithm has been confirmed by extensive computational experiments whose numerical results are presented and analyzed. Promising avenues for future research include the study from a fuzzy perspective of other classical discrete location models, like the plant location problem. From a different point of view, further insight for dealing with imprecise knowledge with these types of problems can be derived from the study of more sophisticated fuzzy sets like, for instance, intuitionistic numbers. 
